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A quantum system inevitably interacts with its surroundings. In general, one does not have detailed informa-
tion on an environment. Identifying the environmental features can help us to control the environment and its
effects on the dynamics of an open system. Here, we consider a tripartite system and introduce a witness for
the initial correlations among environments by means of the concept of the trace distance. Due to the existence
of the initial environmental correlations, a tight upper bound is obtained for the growth of the trace distance of
an open quantum system states. Therefore, the initial correlations among the environments subject to particular
conditions can be detected by measurements on the open system.
PACS numbers: 03.65.Yz, 42.50.Lc, 03.65.Ud, 05.30.Rt
I. INTRODUCTION
In real world, quantum systems are open systems interact-
ing with their environments. Dynamics of an open system
can be described by either Markovian or non-Markovian ap-
proach. Markovian dynamics is based on the assumptions that
the coupling between the system under study and its environ-
ment is weak and that the initial system-environment (S-E)
state is factorized neglecting all memory effects. Violation of
any one of these conditions may lead to non-Markovian dy-
namics which guarantees the existence of memory effects in
time evolution of an open system [1, 2].
As mentioned in the above, initial correlation between a
system and its environment is one of the important factors to
determine the Markovianity or non-Markovianity of the dy-
namics. Thus it plays a very important role in time evolution
of an open system. If there is not any initial correlation, the
dynamics of an open system is described by a completely pos-
itive map [3, 4]. In recent years, many attempts have been
made to study open quantum systems with initial S-E corre-
lations. In the presence of initial correlation, it is shown that
dynamics of an open quantum system may not be completely
positive [5]. In fact, it has been indicated that entangled ini-
tial states can lead to non-completely positive maps [6, 7]. In
the case that quantum discord of initial states vanishes, the dy-
namics is described by a completely positive map [8]. Shabani
and Lidar showed that the above-mentioned condition is not
only sufficient but also necessary for complete positivity of
the correspondingmap[9, 10]. Recently, some examples were
provided to show that the relation between complete positivity
and quantum discord is not generalized to all cases [11–13].
The initial S-E correlations may lead to increase the trace
distance over its initial value [14]. According to the definition
of the trace distance between two arbitrary states [1, 4], it can
be regarded as a measure for the degree of distinguishability
of the two states. If the value of the trace distance during a
system evolution is not constant, one can conclude that there
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is a flow of information between the system and its environ-
ment [14]. A tight upper bound for its increasing has been
derived which can be considered as a witness for initial S-E
correlations [14–17].
Therefore, a lot of effort has been put in to investigate the
influence of initial S-E correlations on an open system dy-
namics. Unfortunately, a clear general relation has not yet
been found between them, and the following questions need
to be answered: How do initial environmental correlations af-
fect the dynamics of an open system? How can we obtain
information about initial states of an environment?
In this paper, we study the role of initial correlations among
environments on the dynamics of an open system. For this
purpose, we consider a tripartite system. In a tripartite sys-
tem one can face to three scenarios: a system and two en-
vironments; two systems and one environment; and one sys-
tem, one environment and one ancilla. Here, we find an up-
per bound for the time evolution of the trace distance in the
first scenario. When the trace distance grows above its ini-
tial value, the upper bound can be regarded as a witness for
initial environmental correlations. Also, we regard some ex-
amples to illustrate the tightness of the upper bound. It should
be noted that realizing initial environmental correlations may
help us to characterize the environment and control its effects.
In the following, we will discuss the above-mentioned ques-
tions in detail with the help of a three-qubit Heisenberg XX
spin chain, two Jaynes-Cummings systems, two amplitude
damping channels, and an experimental example. We will see
that the initial correlations alter the information flow. Accord-
ingly, initial correlations can be witnessed from the dynamical
features of the open system.
The paper is organized as follows. In Sec. II a review of the
concept of the trace distance is provided and its important role
in determining the direction of information flow and also the
amount of total correlations is explained. Upper bound for the
growth of the distinguishability is derived in Sec. III. In order
to witness initial correlations, backflow of information is in-
vestigated for some examples in Sec. IV. The paper concludes
in Sec. V.
2II. TRACE DISTANCE
The trace distance of two quantum states ρ and σ is defined
as
D(ρ, σ) =
1
2
‖ρ− σ‖1, (1)
where the trace norm of an operator A is introduced by
‖A‖1 = Tr|A| = Tr
√
A†A [4]. It represents a metric on
space of physical states, because D ∈ [0, 1], (D(ρ, σ) = 0 if
and only if ρ = σ, andD(ρ, σ) = 1 if and only if ρ and σ have
orthogonal supports) and it satisfies the triangular inequality,
D(ρ, σ) ≤ D(ρ, τ) +D(τ, σ).
The other properties of the trace distance are its subadditiv-
ity with respect to the tensor product
D(ρ1 ⊗ σ1, ρ2 ⊗ σ2) ≤ D(ρ1, ρ2) +D(σ1, σ2), (2)
and its contractivity under all trace-preserving positive maps,
i.e. D(Λρ,Λσ) ≤ D(ρ, σ), where the equality holds if Λ is a
unitary transformation. It is well known that the trace distance
can be interpreted as a measure for the distinguishability of the
states, therefore a trace-preserving positive map can never in-
crease the distinguishability of any two quantum states [1].
The variation of distinguishability of two states can be con-
sidered as a witness for the flow of information in an open
quantum system. Let S be an open quantum system interact-
ing to an environment E. If ρS1,2(0) are two different initial
states of S, their time evolutions obey ρS1,2(t) = Φtρ
S
1,2(0),
whereΦt denotes the corresponding quantum dynamical map.
The time variation of the trace distance is interpreted as infor-
mation flow, and is shown by
σ(t) =
d
dt
D
(
ρS1 (t), ρ
S
2 (t)
)
. (3)
Positive values of σ(t) in some time intervals correspond to
information backflow from the environment to the system and
the negative values indicate the information flow from the sys-
tem to the environment. The quantity
I(ρS) = D
(
ρS1 (t), ρ
S
2 (t)
) −D (ρS1 (0), ρS2 (0)) , (4)
can be regarded as a quantifier for the information exchange
between an open system and its environment [18]. In Eq. (4),
D
(
ρS1 (t), ρ
S
2 (t)
)
can be interpreted as the information inside
the system at time t, therefore I(ρS) shows the difference be-
tween the information inside the system at t = 0 and t [17].
When both I(ρS) and σ(t) are positive, one can obtain more
information than that of the initial state of the system.
For any state ρAB , the quantityD(ρAB , ρA⊗ρB) describes
how well ρAB can be distinguished from the product state,
fully uncorrelated, ρA ⊗ ρB . Thus,D(ρAB , ρA ⊗ ρB) can be
interpreted as a measure for the total amount of correlations
in the state ρAB [14]. It should be mentioned that one can not
recognize the correlations types by using the trace distance.
Suppose an open system S coupled to its environment E,
with initial states ρSE1,2 (0). Using the subadditivity and the tri-
angular inequality of the trace distance, one can obtain the
following inequality [14]
I(ρS) = D(ρS1 (t), ρ
S
2 (t))−D(ρS1 (0), ρS2 (0)) ≤
D(ρE1 (0), ρ
E
2 (0)) +
2∑
i=1
D(ρSEi (0), ρ
S
i (0)⊗ ρEi (0)).
(5)
The above inequality shows an upper bound of information
backflow from the environment to the system. The upper
bound implies that the probable increase of the distinguisha-
bility over the initial value is due to the initial correlations in
the total initial states ρSEi (0) or (and) different initial states
of the environment E . Note that these terms quantify both
quantum and classical correlations of the total system states.
In the next section with using the properties of the trace
distance, we obtain the upper bound of the backflow of infor-
mation in tripartite systems.
III. DYNAMICS OF THE TRACE DISTANCE IN
TRIPARTITE QUANTUM SYSTEMS
Assume a tripartite quantum system consists of three
subsystems A,B and C which can be coupled to each other.
They form an isolated system described by the initial state
ρABC(0). The state of the total system at time t can be written
as ρABC(t) = Utρ
ABC(0)U †t , where Ut = exp(
−iHt
~
) rep-
resents the unitary time evolution operator of the composite
system with total Hamiltonian H . In a tripartite system one
can face to three scenarios: a system and two environments;
two systems and one environment; and one system, one
environment and one ancilla. The first and the second scenar-
ios are shown in Fig. 1. Here, we investigate the first scenario.
Consider the subsystem A as an open system S and the sub-
systems B and C as its environments. Indeed the environment
E includes two subsystems B and C [see Fig. 1(a)]. Suppose
two initial states ρABC1,2 (0) for total system, with correspond-
ing reduced open system states ρA1,2(0) = TrBC
(
ρABC1,2 (0)
)
FIG. 1: (Color online) Schematic diagrams of a tripartite quantum
system: (a) first scenario, (b) second scenario.
3and environment states ρBC1,2 (0) = TrA
(
ρABC1,2 (0)
)
. Accord-
ing to Eq. (5), the dynamics of the trace distance for the open
system A can be written as
D
(
ρA1 (t), ρ
A
2 (t)
)−D (ρA1 (0), ρA2 (0)) ≤
2∑
i=1
D
(
ρABCi (0), ρ
A
i (0)⊗ ρBCi (0)
)
+ D
(
ρBC1 (0), ρ
BC
2 (0)
)
. (6)
As stated in the introduction, our main aim is to find a wit-
ness for the initial environmental correlations, therefore, we
consider the second term in the right-hand side of the above
equation. Applying the subadditivity of the trace distance and
the triangular inequality (twice) forD
(
ρBC1 (0), ρ
BC
2 (0)
)
, one
can obtain
D
(
ρBC1 (0), ρ
BC
2 (0)
) ≤ 2∑
i=1
D
(
ρBCi (0), ρ
B
i (0)⊗ ρCi (0)
)
+ D
(
ρB1 (0), ρ
B
2 (0)
)
+D
(
ρC1 (0), ρ
C
2 (0)
)
. (7)
Substituting the above inequality into Eq. (6), we find
D
(
ρA1 (t), ρ
A
2 (t)
)−D (ρA1 (0), ρA2 (0)) ≤
2∑
i=1
D
(
ρABCi (0), ρ
A
i (0)⊗ ρBCi (0)
)
+
2∑
i=1
D
(
ρBCi (0), ρ
B
i (0)⊗ ρCi (0)
)
+ D
(
ρB1 (0), ρ
B
2 (0)
)
+D
(
ρC1 (0), ρ
C
2 (0)
)
, (8)
where the above inequality generalizes the result of Eq. (5).
This inequality shows that in the most general case an in-
crease of the distinguishability above its initial value implies
that there must be initial S-E correlations or initial correla-
tions among environments or environments have different ini-
tial states.
For the special case that there are no initial S-E correlations,
the first summation in Eq. (8) vanishes and we have
D
(
ρA1 (t), ρ
A
2 (t)
)−D (ρA1 (0), ρA2 (0)) ≤
2∑
i=1
D
(
ρBCi (0), ρ
B
i (0)⊗ ρCi (0)
)
+ D
(
ρB1 (0), ρ
B
2 (0)
)
+D
(
ρC1 (0), ρ
C
2 (0)
)
. (9)
Let us consider a further important special case, which dis-
closes most clearly the role of initial environmental correla-
tions, and is obtained if we assume ρBC2 (0) = ρ
B
1 (0)⊗ρC1 (0).
Therefore, the inequality in Eq. (9) is simplified to
D
(
ρA1 (t), ρ
A
2 (t)
)−D (ρA1 (0), ρA2 (0)) ≤
D
(
ρBC1 (0), ρ
B
1 (0)⊗ ρC1 (0)
)
, (10)
where the quantity on the right-hand side of Eq. (10) can be
larger than zero because of the presence of initial environmen-
tal correlations in ρBC1 (0). This inequality shows that any in-
crease of the trace distance over its initial value is a witness for
the presence of initial environmental correlations. When the
inequality in Eq. (10) becomes an equality at a certain time
t, we can detect the initial environmental correlations. Oth-
erwise, the initial correlations are not transformed completely
to the open system during the dynamics.
In this step, one can ask some questions like: where is the
rest of information stored? Has it been transformed into other
forms, or is it still frozen in bipartite environmental correla-
tions? To answer these questions, let us recall the definition
of Iint(t) (Iext(t)) as the information inside (outside of) the
open system. Mathematically, they are written as [17]
Iint(t) = D(ρ
S
1 (t), ρ
S
2 (t)),
Iext(t) = D(ρ
SE
1 (t), ρ
SE
2 (t))−D(ρS1 (t), ρS2 (t)).
(11)
Due to the unitary dynamics of the total system, one has
Iext(0) + Iint(0) = Iext(t) + Iint(t),
I(ρS) = −[Iext(t)− Iext(0)],
(12)
It can clearly be seen that if Iint(t) increases, Iext(t) de-
creases and vice versa. The second equation of Eq. (12) can
be regarded as an introduction of the exchange information
between the open system and the environment. Rewriting the
first equation of Eq. (12) as Iext(0) = Iext(t) + Iin(t) −
Iin(0), leads us to this fact that the initially inaccessible infor-
mation can either flow to the open system or remain as exter-
nal information at time t. With the help of Eqs. (7) and (11),
one can obtain the following inequality for all t ≥ 0:
Iext(t) ≤
2∑
i=1
D(ρABCi (t), ρ
A
i (t)⊗ ρBCi (t))
+
2∑
i=1
D(ρBCi (t), ρ
B
i (t)⊗ ρCi (t))
+D(ρB1 (t), ρ
B
2 (t)) +D(ρ
C
1 (t), ρ
C
2 (t)).
(13)
The right-hand side of the above inequality consists of six
terms: The first summation measures the total correlations
between the system and the environments and the second
summation measures the environmental correlations. The
third and fourth terms are the trace distances of the corre-
sponding environmental states. Thus, when Iext(t) grows
over the initial value, Iext(0), the system-environment or the
environment-environment correlations are created; or the en-
vironmental states become more different, implying an in-
crease of the distinguishability of the environmental states.
This demonstrates that the corresponding decrease in Iint(t)
has always an impact on degrees of freedom which are inac-
cessible by measurements on the open system. Conversely, if
Iint(t) starts to increase at time t, the corresponding decrease
in Iext(t) implies that all kinds of correlations already exist or
(and) the environmental states are different at time t.
Therefore, according to Eqs. (12) and (13), the rest of
the initially inaccessible information is stored in the system-
environment or the environment-environment correlations, or
4inside each environment. Hence, initial environmental cor-
relations may be transformed into other forms of bipartite or
tripartite correlations.
Here, we discuss some examples to illustrate that the in-
equality in Eq. (10) is tight. Suppose four qubits such that
the first and second qubit are regarded as an open system S
(control qubits), and the third and fourth qubit are regarded as
an environment (target qubits), where the first (second) qubit
interacts locally with the third (fourth) qubit. We first ap-
ply a controlled-NOT gate and then a swap operation on the
two qubits. Thus, the interaction is given by unitary operator
U = U1 ⊗ U2, where Ui = UswapUc, (i = 1, 2). We consider
two total initial states as
ρSE1 (0) = |ϕ〉S〈ϕ| ⊗ |ψ〉E〈ψ|,
ρSE2 (0) = |ϕ〉S〈ϕ| ⊗ ρE11 (0)⊗ ρE21 (0), (14)
in which |ϕ〉S = a|00〉+b|11〉, |ψ〉E = α|00〉+β|11〉, where
ρE1 = |ψ〉E〈ψ| with α, β 6= 0 and a, b 6= 0, and ρE1,21 =
TrE2,1(ρ
E
1 ). The state ρ
E
1 is a pure entangled state and ρ
E
2 =
ρE11 (0) ⊗ ρE21 (0) is the product of marginal states of ρE1 . For
these total states, the system states are the same.
Under the action of the unitary operatorU the left-hand side
of Eq. (10) is found to be
D(TrE(Uρ
SE
1 (0)U
†), T rE(UρSE2 (0)U
†)) = |αβ|2 + |αβ|,
(15)
which shows that the trace distance of the open system states
increases over its initial value. This means that the initial state
of ρE1 must be correlated. We also have D(ρ
E
1 (0), ρ
E1
1 (0) ⊗
ρE21 (0)) = |αβ|2+ |αβ| which shows that the upper bound of
the inequality in Eq. (10) is reached. Thus, the initial infor-
mation in the environment state is transferred completely to
the open system by applying the the unitary operator U . Now,
we study a situation in which the initial environmental state
has only classical correlations. Assume two total initial states
as
ρSE1 (0) = |φ〉S〈φ| ⊗ (|α|2|00〉〈00|+ |β|2|11〉〈11|)E ,
ρSE2 (0) = |φ〉S〈φ| ⊗ ρE11 (0)⊗ ρE21 (0), (16)
where ρE1 is a purely classical state and |φ〉S = a|01〉+ b|10〉.
Then one obtains
D(TrE(Uρ
SE
1 (0)U
†), T rE(UρSE2 (0)U
†)) = 2|αβ|2,
(17)
and the trace distance of the initial environmental states is
found to beD(ρE1 (0), ρ
E1
1 (0)⊗ ρE21 (0)) = 2|αβ|2. We, then,
see that the equality sign in Eq. (10) holds; the tightness of
the bound is illustrated again. Also, this means that the trace
distance can increase even when the initial states of the envi-
ronment are mixed states.
In order to construct initial conditions for Eq. (10), we need
a second reference state ρABC2 (0) whose evolution is com-
pared with that of the state ρABC1 (0). Therefore, we regard
three operators. The first one is the operator P which removes
the correlations between the open system and the environ-
ments, i.e., P(ρABC1 (0)) = ρ
A
1 (0)⊗ ρBC1 (0). The second one
is a local trace-preserving quantum operator generating a new
state for the open system, i.e., (ΛA ⊗ IBC) ◦ P(ρABC1 (0)) =
ρA2 (0) ⊗ ρBC1 (0). Finally, the third one is an operator which
destroys the correlations among the environments as
ρABC2 (0) = (I
A ⊗ ΩBC) ◦ (ΛA ⊗ IBC) ◦ P(ρABC1 (0))
= ρA2 (0)⊗ ρB1 (0)⊗ ρC1 (0). (18)
Consequently, we have ρBC2 (0) = ρ
B
1 (0)⊗ ρC1 (0).
In the next section, the trace distance dynamics will be
illustrated by means of a three-qubit Heisenberg XX spin
chain, two Jaynes-Cummings systems, two amplitude damp-
ing channels and an experimental example. We will see that
the bound in Eq. (10) is reached for two Jaynes-Cummings
systems and the growth of the distinguishability witnesses the
correlations in the initial state of the environments for these
cases.
IV. EXAMPLES
A. Three-Qubit Heisenberg XX Spin Chain
Here, interactions between three qubits are investigated,
which form a three-qubit Heisenberg XX spin chain [19]. The
Hamiltonian describing the chain subject to a uniform mag-
netic field is
H =
J
2
3∑
n=1
(σxnσ
x
n+1 + σ
y
nσ
y
n+1) +B
3∑
n=1
σzn, (19)
where J is the exchange interaction constant, σαn is the Pauli
matrix corresponding to each α (α = x, y, z), and B is
the magnitude of a uniform magnetic field. Introducing the
spin raising and lowering operators of the nth qubit, σ±n =
1/2(σxn ± iσyn), the Hamiltonian can be rewritten as
H = J
3∑
n=1
(σ+n σ
−
n+1 + σ
−
n σ
+
n+1) +B
3∑
n=1
σzn. (20)
Applying the periodic boundary conditions, σx1 = σ
x
4 and
σy1 = σ
y
4 , leads to the following eigenvalues and eigenstates
of the Hamiltonian,
E0 = −E7 = −3B,
E1 = E2 = −J −B,
E4 = E5 = −J +B,
E3 = 2J −B,
E6 = 2J +B, (21)
5and
|ψ0〉 = |000〉,
|ψ1〉 = 1√
3
(e
2ipi
3 |001〉+ e−2ipi3 |010〉+ |100〉),
|ψ2〉 = 1√
3
(e
−2ipi
3 |001〉+ e 2ipi3 |010〉+ |100〉),
|ψ3〉 = 1√
3
(|001〉+ |010〉+ |100〉),
|ψ4〉 = 1√
3
(e
2ipi
3 |110〉+ e−2ipi3 |101〉+ |011〉),
|ψ5〉 = 1√
3
(e
−2ipi
3 |110〉+ e 2ipi3 |101〉+ |011〉),
|ψ6〉 = 1√
3
(|110〉+ |101〉+ |011〉),
|ψ7〉 = |111〉, (22)
respectively.
If the normalized initial state is chosen as
|Ψ(0)〉 = α|001〉+ β|010〉+ γ|100〉, (23)
with the help of Eqs. (21) and (22), its time evolution will be
|Ψ(t)〉 = a(t)|001〉+ b(t)|010〉+ c(t)|100〉, (24)
where
a(t) =
1
3
(eit(J+B)(2α− β − γ) +K(t)),
b(t) =
1
3
(eit(J+B)(2β − α− γ) +K(t)),
c(t) =
1
3
(eit(J+B)(2γ − α− β) +K(t)),
(25)
FIG. 2: (Color online) Plot of the trace distance of the open system
A, D(ρA1 (t), ρ
A
2 (t)), as a function of time t, in arbitrary units, for
the three-qubit Heisenberg XX spin chain example. We have used
α = 1 in (a) and α = 0.6 in (b). Similarly α = 0.2 in (c) and α = 0
in (d). Parameters: f = g = 1/
√
2, l =
√
3/7, andm =
√
4/7.
in whichK(t) = e−it(2J−B)(α+ β + γ).
As a different case, one can assume that there are two ex-
citations in the total system. Thus, the initial state is defined
as
|Φ(0)〉 = α1|110〉+ β1|101〉+ γ1|011〉, (26)
and its time evolution is determined by
|Φ(t)〉 = a1(t)|110〉+ b1(t)|101〉+ c1(t)|011〉, (27)
where
a1(t) =
1
3
(e−it(−J+B)(2α1 − β1 − γ1) + Z(t)),
b1(t) =
1
3
(e−it(−J+B)(2β1 − α1 − γ1) + Z(t)),
c1(t) =
1
3
(e−it(−J+B)(2γ1 − α1 − β1) + Z(t)),
(28)
in which Z(t) = e−it(2J+B)(α1 + β1 + γ1).
In order to show the influence of the initial environmental
correlations on the trace distance dynamics, we illustrate three
situations. Note that we regard the first qubit as an open sys-
tem S and the other two qubits as its environment E [see Fig.
1(a)].
i) For the first case, let us assume two environmental states
such that only one of them has initial correlations. Hence, we
regard the total initial states as
ρ1(0) = |ϕ〉A〈ϕ| ⊗
(
1− α
4
I + α|ψ−〉〈ψ−|
)
BC
, (29)
and
ρ2(0) = |φ〉A〈φ| ⊗ 1
2
IB ⊗ 1
2
IC , (30)
where ρBC1 (0) is a Werner state, |ϕ〉A = f |0〉+ g|1〉, |φ〉A =
l|0〉+m|1〉, and |ψ−〉 = 1√
2
(|01〉 − |10〉).
For these states, we have D
(
ρB1 (0), ρ
B
2 (0)
)
= 0,
D
(
ρC1 (0), ρ
C
2 (0)
)
= 0, D
(
ρBC2 (0), ρ
B
2 (0)⊗ ρC2 (0)
)
= 0,
and initial S-E correlations are zero. According to Eq. (10),
the upper bound of the increase of the trace distance is re-
stricted to the initial correlations among the environments in
ρ1(0).
In order to calculate the trace distance dynamics of the open
system A, we find the time evolution of these total states from
Eqs. (24) and (27). Then, with tracing over the environments
(B+C), the reduced open system dynamics can be obtained.
The behavior of the trace distance of ρA as a function of t is
plotted in Fig. 2. Different initial states are considered with
parameters f = g = 1/
√
2, l =
√
3/7, and m =
√
4/7 . In
Figs. 2(a), (b), (c), and (d) the values of α are assumed to be
1, 0.6, 0.2, and 0, respectively.
In Fig. 2(a), initial state of the environments in ρ1(0) is
defined by a Bell state (α = 1), a maximally entangled state.
As can be seen, the trace distance begins to increase after the
initial time. This means that an amount of the initial environ-
mental correlations flows to the open system from the begin-
ning of the dynamics. Furthermore, it has a periodic behavior
6during the dynamics. In Fig. 2(b), the initial state of the en-
vironments in ρ1(0) is not maximally entangled state and it is
characterized by α = 0.6. From the figure one can see that
the amount of information backflow is reduced by decreasing
the initial environmental correlations although the dynamics
behaviour is similar to Fig. 2(a).
The value α = 0.2 is used in Fig. 2(c), where the amount
of quantum initial correlations decreases such that the amount
of entanglement is zero but the amount of discord is not. We
remark that the trace distance starts decreasing already at the
initial time then it begins to grow at a later time. In Fig. 2(d),
the initial state of the environments in ρ1(0) is given byα = 0.
Note that in this case the trace distance does not increase over
its initial value since there is no initial correlation between en-
vironments.
In brief, Fig. 2 shows the effect of initial correlations
among the environments on the trace distance dynamics of
the open system. We conclude, for this example, that the
amount of the information backflow from the environments
to the open system is increased by increasing initial quantum
correlations among the environments and it can lead to in-
crease distinguishability over its initial value. In situations
investigated in Fig. 2, the maximum amount of the trace dis-
tance as a function of time is not equal to the upper bound
given by Eq. (10). This means that the information initially
inaccessible to the open system has not been transferred com-
pletely to it during the dynamics.
ii) For the second situation, let us study an example in
which the both initial environmental states have quantum cor-
relations. In this and the next example, we use Eq. (9) to
witness the initial environmental correlations. The total initial
states can be taken as
ρ1(0) = |ϕ〉A〈ϕ| ⊗ (1− α1
4
I + α1|ψ−〉〈ψ−|)BC ,
ρ2(0) = |φ〉A〈φ| ⊗ (1− α2
4
I + α2|ψ−〉〈ψ−|)BC .
(31)
In Fig. 3(a) the dynamics of D(ρA1 (t), ρ
A
2 (t)) is shown for
α1 = 1 and α2 = 0.6. If this figure is compared with Figs.
2(a) and (b), one realizes that the both quantum correlations
have destructive effect on the distinguishability of the open
system states which means that the amount of information
flowing to the system is little. Equation
D(ρBC1 (0), ρ
BC
2 (0)) =
3
4
|α1 − α2|,
(32)
implies that the maximum information outside of the open
system can be obtained for α1 = 1, α2 = 0, and α1 = 0,
α2 = 1. Therefore, the more difference among the initial
quantum correlations (initial environmental states), the more
information is initially stored outside of the open system and
as a result the distinguishability of the open system states in-
creases over its initial value. Actually, in order to have more
information flowed to the open system, the difference among
the initial quantum correlations must be more. A maximally
FIG. 3: (Color online) Plot of D(ρA1 (t), ρ
A
2 (t)), for the three-qubit
Heisenberg XX spin chain example, as a function of time t, in arbi-
trary units. We have used α1 = 1 and α2 = 0.6 in (a) and α = 1
in (b).
entangled state and a product state are suitable candidates for
this purpose (for the initial environmental states).
iii) For the third one, let us consider a situation in which
there is quantum correlation in one of the two initial environ-
mental states and classical correlation in the other. An exam-
ple for this case can be
ρ1(0) = |ϕ〉A〈ϕ| ⊗ (1− α
4
I + α|ψ−〉〈ψ−|)BC ,
ρ2(0) = |φ〉A〈φ| ⊗ 1
2
(|00〉〈00|+ |11〉〈11|).
(33)
Fig. 3(b) shows the time behavior of the trace distance of the
open system states for α = 1. As can be seen, the maximum
value of the distingushability is 0.75. Comparing Fig. 3(b)
with Fig. 3(a) and Fig. 2, leads us to this fact that maximal
classical and quantum correlations are the best choice for ob-
taining maximum inaccessible initial information. Thus, the
states with the above-mentioned properties have effective in-
fluence on the growth of the distinguishability of the open sys-
tem states. This is confirmed by
D(ρBC1 (0), ρ
BC
2 (0)) =
1 + α
2
,
(34)
showing that the information outside of the open system gets
its maximum value when α = 1 (maximally entangled state).
Studying the above examples shows that whenever more
distinguishable the environmental states are, the more infor-
mation is stored outside of the open system; and returned in-
formation to the open system is maximum if there are initial
classical and quantum correlations. Although the presence of
quantum correlations in the both of the initial environmental
states has destructive effect on the growth of the distiguisha-
bility of the open system states, initial quantum-classical cor-
relations constructively affect the distinguishability.
In the next subsection we introduce two Jaynes-Cummings
systems by which one can show that the inequality in Eq. (10)
is tight.
7B. Two Jaynes-Cummings systemes
i) Suppose that one provides two Jaynes-Cummings sys-
tems in which each atom is locally coupled to a single-mode
field. In this case, the open system of the tripartite system is
assumed to include two atoms and each field is regarded as an
environment. The total Hamiltonian is given by
H = H(1) +H(2), (35)
where
H(j) = ωj0σ
j
+σ
j
− + ω
jbj†bj + gj(σj+b
j + σj−b
j†),
in which σj+(σ
j
−) is the raising (lowering) operator of the jth
atom, bj† (bj) is the creation (annihilation) operator of the jth
field, ωj0 is the frequency of the jth atom, ω
j is the frequency
of the jth field, and gj is the coupling constant between the
jth atom and the jth field (j = 1, 2). In the interaction picture
the Hamiltonian takes the following form
H
(j)
I = g
j(σj+b
jei∆
j(t) + σj−b
j†e−i∆
j(t)), (36)
where∆j = ωj0−ωj is the detuning between the jth atom and
the jth field. Let us assume that b1 = b2 = b, g1 = g2 = g,
ω10 = ω
2
0 = ω0, and ω
1 = ω2 = ω, hence, ∆ = ∆1 = ∆2 =
ω0 − ω. The local time evolution operator in the interaction
picture can be written as
U (j)(t) =
(
c(nˆ+ 1, t) d(nˆ+ 1, t)b
−b†d†(nˆ+ 1, t) c(nˆ, t)
)
, (37)
where
c(nˆ, t) = ei∆t/2
[
cos
(
Ω(nˆ)
t
2
)
− i ∆
Ω(nˆ)
sin
(
Ω(nˆ)
t
2
)]
,
d(nˆ, t) = −iei∆t/2 2g
Ω(nˆ)
sin
(
Ω(nˆ)
t
2
)
,
(38)
in which Ω(nˆ) =
√
∆2 + 4g2nˆ [20].
The ith reduced density matrix of the system at time t can
be written as
ρSi (t) =
TrE
[
U (1)(t)⊗ U (2)(t) (ρi(0))U (1)†(t)⊗ U (2)†(t)
]
,
(39)
where ρi(0) is the ith initial state of the total system and
it is assumed to be a product state as ρi(0) = ρ
S(0) ⊗
ρBCi (0) (i = 1, 2, 3). Let the initial state of the open system
be ρS(0) = |ee〉〈ee|. The first environmental initial state is
taken as
ρBC1 (0) = (α|0, n〉+ β|n, 0〉)(α∗〈0, n|+ β〈n, 0|),
(40)
FIG. 4: (Color online) The trace distance dynamics of the open sys-
tem for the Jaynes-Cummings example as a function of time t, in
arbitrary units, and g = 1 (a) D(ρS1 (t), ρ
S
2 (t)), with ∆ = 0.1 and
n = 1 (b) D(ρS1 (t), ρ
S
3 (t)), with n = 7 and ∆ = 0 (c) and (d)
D(ρS3 (t), ρ
S
2 (t)), with ∆ = 0, n = 10 and n = 50, respectivrly.
The horizontal line denotes the upper bound of Eq. (10) (Eq. (5)) in
figures (a), (c), and (d) ((b)).
which shows entanglement among the environments. The sec-
ond one is built by the marginal states of the first environmen-
tal initial state as ρBC2 (0) = ρ
B
1 (0)⊗ρC1 (0) which is obtained
as
ρBC2 (0) = |α|4|0, n〉〈0, n|+ |β|4|n, 0〉〈n, 0|
+|α|2|β|2 (|0, 0〉〈0, 0|+ |n, n〉〈n, n|) .
(41)
Finally, the third state is chosen to be a classically correlated
state
ρBC3 (0) = |α|2|0, 0〉〈0, 0|+ |β|2|n, n〉〈n, n|.
(42)
Substituting the above three initial states into Eq. (39)
and taking into account Eqs. (37) and (38), one can obtain
the dynamics of the open system. The trace distance dy-
namics of the open system states is plotted in Fig. 4 for
g = 1 and α = β = 1/
√
2. Fig. 4(a) shows the time be-
havior of D(ρS1 (t), ρ
S
2 (t)) for n = 1 and ∆ = 0.1. The
distinguishability value of the initial environmental states is
D(ρBC1 (0), ρ
BC
2 (0)) = 0.75 in which ρ
BC
1 (0) is maximally
entangled state and ρBC2 (0) is a product one. As can be seen,
the total initial entanglement among two modes flows to the
system at some points of time. It actually shows that the bound
of the inequality in Eq. (10) is tight.
For n = 7 and ∆ = 0, D(ρS1 (t), ρ
S
3 (t)) is plotted against
time in Fig. 4(b). In this case, D(ρBC1 (0), ρ
BC
3 (0)) = 1, and
D(ρBC1 (0), ρ
BC
2 (0)) +D(ρ
BC
2 (0), ρ
BC
3 (0)) = 1.25 which is
greater than 1. According to Eqs. (40) and (42), one can re-
alize that there is quantum correlation in ρBC1 (0), whereas,
ρBC3 (0) is a classically correlate state. This is an example for
8which the inequality in Eq. (5) is tight but the one in Eq. (9) is
not. The plot shows that the trace distance reaches 1 at some
values of time, and therefore, the open system becomes com-
pletely distingushable in those values of time.
In Figs. 4(c) and 4(d), D(ρS3 (t), ρ
S
2 (t)) is depicted for
∆ = 0, and for two values of n, 10 and 50, respec-
tively. The trace distance of the initial environmental states is
D(ρBC3 (0), ρ
BC
2 (0)) = 0.5. As can be seen the upper bound
is reached for both values of n.
In summary, Fig. 4 shows that the upper bound is tight and
the distingushability reaches 1when there are initial quantum-
classical correlations among the fields. Furthermore, it indi-
cates that initial quantum correlations make the trace distance
increase more than classical correlations do.
ii) Let us assume an example showing the tightness of the
upper bound for classical states. To this aim, the total initial
states are taken as
ρ1(0) = |ee〉〈ee| ⊗ 1
2
(|β,−β〉〈β,−β| + | − β, β〉〈−β, β|),
ρ2(0) = |ee〉〈ee| ⊗ 1
2
(|β〉〈β| + | − β〉〈−β|)
⊗1
2
(| − β〉〈−β| + |β〉〈β|),
(43)
in which |β〉 = e−|β|2/2∑∞n=0 βn√n! |n〉 is a coherent state with
mean number of photons as 〈n〉 = |β|2. It is well known that
the coherent state does always have minimum uncertainty and
resembles a classical state. Substituting the initial states into
Eq. (39), one can obtain D(ρS1 (t), ρ
S
2 (t)). For ∆ = 0 and
g = 1, the trace distance dynamics is plotted for |β|2 = 100
and |β|2 = 200, in Figs. 5(a) and 5(b), respectively. One can
see that as the average number of photons increases, the ini-
tial total classical correlation among the modes is detected at
a given time. Therefore, the bound is tight for classical state
and our witness can be applied for those states.
The above two examples indicate that one can detect the
initial quantum and classical correlations among two fields
by studying the dynamics of the trace distance of the system
states.
In the following the witness can be applied for a dissipative
dynamics. For this purpose a discussion on amplitude damp-
ing channels is provided.
C. Amplitude damping model
Here, we consider an open system consisting of two atoms
locally interacting with amplitude damping reservoir. The
HamiltonianH of the whole system is defined as
H = H(1) +H(2),
(44)
where
H(i) = ωi0σ
i
+σ
i
− +
∑
k=0
ωikb
i†
k b
i
k +
∑
k=0
gik(σ
i
+b
i
k + σ
i
−b
i†
k );
FIG. 5: (Color online) Plot of D(ρS1 (t), ρ
S
2 (t)) as a function of time
t, in arbitrary units, and ∆ = 0 and g = 1, for the Jaynes-
Cummings example. In both figures the horizontal line marks the
upper bound of Eq. (10). (a)|β|2 = 100, for this value the bound is
not tight (b) |β|2 = 200, as can be seen total initial classical correla-
tion can be observed in a given time.
in which bi†k (b
i
k) is the creation (annihilation) operator corre-
sponding to the kth mode of the ith reservoir, ωik is the fre-
quency of the kth mode of the ith reservoir, ωi0 is the fre-
quency related to the transition energy of the ith atom, gik is
the coupling constant between the ith atom and the kth mode
of the ith reservoir, and σi+(σ
i
−) is the raising (lowering) oper-
ator of the ith atom (i = 1, 2). We suppose that the two atoms
have the same transition energy and the same coupling to the
reservoirs. Furthermore, we assume that the both reservoirs
have the same Lorentz spectral density[21, 22].
In order to introduce an initial state, let us define the vac-
uum state as |0〉 = |0102...0k...〉, therefore a first excited state
is |1k〉 = |0102...0k−11k0k+1...〉 in which |1k〉 = b†k|0k〉. It is
obvious that the both states are orthogonal, i.e. 〈0|1〉 = 0. To-
tal initial state is assumed to be a superposition of two states.
In one state, atoms are in a Bell state and the reservoirs are in
the vacuum states. The other one is that the two qubits are in
the ground states and one of the two reservoirs has only one
excitation. Thus the initial state of the total system is written
as
|ψ(0)〉 = ceg(0)|ψ+〉|0, 0〉+
∑
k
ck(0)|g, g〉 ⊗ |1k, 0〉
+
∑
k
dk(0)|g, g〉 ⊗ |0, 1k〉;
(45)
where |ψ+〉 = 1√2 (|e, g〉 + |g, e〉) is a Bell state and |g〉
(|e〉)refers to the ground (excited) state of each atom. The nor-
malization condition for |ψ(0)〉 is |ceg(0)|2 + |
∑
k ck(0)|2 +|∑k dk(0)|2 = 1. In the case ck(0) = dk(0), the state of the
whole system at time t is written as
|ψ(t)〉 = ceg(t)|ψ+〉|0, 0〉+
√
1− |ceg(t)|2|g, g〉 ⊗ |ψt+〉,
(46)
where
ceg(t) = h1(t)ceg(0) + h2(t)
√
1− |ceg(0)|2,
(47)
9in which
h1(t) = e
− 1
2
λt
[
cosh
(
λa
2
t
)
+
1
a
sinh
(
λa
2
t
)]
,
h2(t) = −ie− 12λt
[√
1
a2
− 1 sinh
(
λa
2
t
)]
, (48)
with a =
√
1− 2 γλ , where γ is connected to the time scale of
the system and λ is coupling spectral width. Also in Eq. (46),
|ψt+〉 is a Bell state of the two reservoirs which is 1√2 (|1
t, 0〉+
|0, 1t〉). The first excitation state of each reservoir depends on
time as
|1t〉 = 1√∑
k |ck(t)|2
∑
k
ck(t)|1k〉,
(49)
which is normalized, 〈1t|1t〉 = 1, and orthogonal to |0〉,
〈0|1t〉 = 0.
An initial state of the whole system can be obtained if
one has ceg(0) = 0, |
∑
k ck(0)|2 = 1/2, and |1〉 =
(
∑
k |ck(0)|2)−1/2
∑
k ck(0)|1k〉, which result in |ψ1(0)〉 =
|gg〉⊗ 1√
2
(|1, 0〉+ |0, 1〉). Therefore, the initial environmental
state is an entangled state. Regarding the above assumptions,
the state of the atoms at time t is
ρS1 (t) = |h2(t)|2|ψ+〉〈ψ+|+ (1− |h2(t)|2)|gg〉〈gg|.
(50)
Another initial state is assumed to be a product state as
ρ2(0) = |gg〉〈gg| ⊗ ρB1 (0)⊗ ρC1 (0),
(51)
in which
ρB1 (0) = ρ
C
1 (0) =
1
2
(|0〉〈0|+ |1〉〈1|).
Regarding Eq. (46) and the corresponding equations in [21],
the reduced density matrix of the atoms gets the following
form
ρS2 (t) =
1
4


ρee(t) 0 0 0
0 ρeg(t) 0 0
0 0 ρge(t) 0
0 0 0 ρgg(t)

 , (52)
with
ρee(t) = |h22(t)|2,
ρeg(t) = ρge(t) = |h2(t)|2(2− |h2(t)|2),
ρgg(t) = (2− |h2(t)|2)2.
(53)
For two amplitude damping channels, the trace distance
dynamics of the open system (the atoms), D(ρS1 (t), ρ
S
2 (t)),
FIG. 6: (Color online) Plot of D(ρS1 (t), ρ
S
2 (t)) as a function of
scaled time λt for the amplitude damping example (a) local non-
Markovian dynamics (γ/λ = 1000), (b) local Markovian dynamics
(γ/λ = 0.1).
is plotted against time (λt) for γ/λ = 1000 (local non-
Markovian dynamics) in Fig. 6(a) and for γ/λ = 0.1
(local Markovian dynamics) in Fig. 6(b). Here, the
value of the initial environment-environment correlation is
D(ρBC1 (0), ρ
BC
2 (0)) = 0.75, and as can be seen in Fig. 6 the
upper bound is not reached for the both cases. It is clear from
Fig. 6(a), that the trace distance damply oscillates as a func-
tion of time, however, no oscillation can be seen in Fig. 6(b).
The oscillation of the trace distance in Fig. 6(a) shows that
information repeatedly exchanges between the system and en-
vironments; and comparing the plot in Fig. 6(a) with that in
Fig. 6(b) indicates that the value of the exchanged informa-
tion in the first case is greater than that in the second case. It
should be mentioned that in the case of initial classical corre-
lation, our calculations show that the inequality in Eq. (10) is
not tight.
As a final example, in the next subsection, let us con-
sider an experimental one which has been introduced by other
authors[23].
D. Experimental example
As an experimental example, we consider two entangled
photons whose polarization degrees of freedom locally inter-
act with their frequency degrees of freedom. The polariza-
tion degrees of freedom of the photons are regarded as an
open system and their frequency degrees of freedom form two
environments[23]. The Hamiltonian of the local interaction is
defined by
Hi = −
∫
dωiωi(nV |V 〉〈V |+ nH |H〉〈H |)|ωi〉〈ωi|, (54)
where |H〉 (|V 〉) and |ωi〉 indicate the state of a photon with
horizontal (vertical) polarization and frequency ωi, respec-
tively. The refraction index for photon with polarization H
(V ) is signified by nH (nV ). We assume the total initial state
as
|Ψ(0)〉 = |ψ12〉 ⊗
∫
dω1dω2g(ω1, ω2)|ω1, ω2〉, (55)
where |ψ12〉 = a|HH〉 + b|HV 〉 + c|V H〉 + d|V V 〉 and
g(ω1, ω2) denotes the probability amplitude for the first pho-
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FIG. 7: (Color online) The trace distance dynamics of the open sys-
tem in the experimental example, D(ρS1 (t), ρ
S
2 (t)), for different val-
ues of K, as a function of time, in arbitrary units. The time scale is√
C11∆nt.
ton to have frequency ω1 and the second photon to have fre-
quency ω2, with the corresponding joint probability distribu-
tion P (ω1, ω2) = |g(ω1, ω2)|2.
Due to the initial product system-environments state, the
time evolution of the open system can be described as ρS(t) =
Φ12t (ρ
S(0)), ρS(0) = |ψ12〉〈ψ12|, where Φ12t is a dynamical
map which maps the initial polarization state to the polariza-
tion state at time t. The state of the open system at time t is
given by
ρS(t) =


|a|2 ab∗κ2(t) ac∗κ1(t) ad∗κ12(t)
ba∗κ∗2(t) |b|2 bc∗Λ12(t) bd∗κ1(t)
ca∗κ∗1(t) bc
∗Λ∗12(t) |c|2 cd∗κ2(t)
da∗κ∗12(t) db
∗κ∗1(t) dc
∗κ∗2(t) |d|2

 ,
(56)
in which κ1(t) = G(∆nt1, 0), κ2(t) = G(0,∆nt2),
κ12(t) = G(∆nt1,∆nt2), and Λ12(t) = G(∆nt1,−∆nt2),
where
G(τ1, τ2) =
∫
dω1dω2P (ω1, ω2)e
−i(ω1τ1+ω2τ2) (57)
is the Fourier transform of the joint probability distribution
and∆n = nV −nH . Note that the dynamical map Φ12t can
be written as a product of local dynamical maps, i.e. Φ12t =
Φ1t ⊗ Φ2t , if and only if Λ12(t) = κ1(t)κ∗2(t) and κ12(t) =
κ1(t)κ2(t). This means that the frequencies ω1 and ω2 are
not correlated.
We assume a Gaussian frequency distribution whose
Fourier transform is obtained as
G(τ1, τ2) = e
iω0(τ1+τ2)/2−C11(τ21+τ22+Kτ21 τ22 )/2, (58)
where Cij = 〈ωiωj〉 − 〈ωi〉〈ωj〉 are elements of the covari-
ance matrix, 〈ωi〉 = 〈ωj〉 = ω0/2, and K = C12/C11 is
correlation coefficient.
In order to examine Eq. (10) as a witness for initial
environmental correlations, we assume two total states ρ1(0)
and ρ2(0) such that |ψ121 〉 = |ψ122 〉 = 1/
√
2(|HH〉+ |V V 〉),
and the environmental state of ρ1(0) is correlated whereas
the environmental state of ρ2(0) is not. Thus, accord-
ing to Eq.(10) I
(
ρS
)
is always definitely positive due to
the initial environmental correlations. We have plotted
D
(
ρS1 (t), ρ
S
2 (t)
)
in terms of
√
C11∆nt for different values
of the correlation coefficient in Fig. 7(a). As can be seen, the
trace distance for K = −1, where the frequencies ω1 and ω2
are anticorrelated, gets its maximum increasing and after a
specific time approaches to the value of 0.5. For K = 0 the
frequencies are not correlated and the trace distance is always
zero. The trace distance decreases after an increasing then
approaches to zero for other values of K. In Fig. 7(b), initial
states of the open system are |ψ121 〉 = 1/
√
2(|HH〉+ |V V 〉),
and |ψ122 〉 =
√
16/18|HH〉 +
√
2/18|V V 〉 and the initial
environmental states are the same as these in Fig. 7(a). It is
clear that the trace distance raises above its initial value for
K = −1, K = −0.99, and K = −0.95, meaning that the
more anticorrelated (more distinguishable) the frequencies
ω1 and ω2 are, the more information is stored outside of the
open system. It has been shown that when the frequencies ω1
and ω2 become more anticorrelated, the nature of the global
dynamics becomes more non-Markovian, while the local
dynamics is Markovian[23]. Regarding these results with
what shown in Fig. 6, it seems that time behavior of trace
distance, with different initial environmental states, can be
considered as a witness for determining the type of the local
dynamics of the system under study.
Finally, we conclude from Fig.7 that the trace distance may
increase over its initial value due to the initial environmental
correlations and the best value of the correlation coefficient is
K = −1 for witnessing the initial correlations.
V. CONCLUSIONS
Dynamics of the trace distance with initial correlations has
been studied in tripartite systems. We considered a scenario
consisting of one system and two environments, and obtained
a bound for the growth of distingushability in open system.
The bound can be used as a witness for initial correlations
among environments. The obtained inequality is general and
can be applied to any interaction among three systems. We
demonstrated that initial correlations among environments un-
11
der particular conditions can be witnessed by local measure-
ments on the open quantum system. We illustrated that the
bound is tight for initial classical and quantum environmental
correlations. Generally, since we do not have enough infor-
mation about initial states of environments, the inequality can
be applied to obtain more information about environments.
To confirm our results we studied different tripartite sys-
tems such as a three-qubit Heisenberg XX spin chain, two
Jaynes-Cummings systems, two qubits interacting with ampli-
tude damping environment, and an experimentally realizable
example. We indicated that the distinguishability increases
over its initial value due to initial correlations among the en-
vironments.
Generalization to systems including more than three sub-
systems is straightforward.
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